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Abstract

The theory of fuzzy sets was introduced by L.A.Zadeh in 1965. Since then, the concept
of fuzzy sets has been developing in variety of theoretical and application oriented fields. The
notion of fuzzy singletons was introduced by Pao and Liu [11]. In this present paper, the idea
of €-group generated by the collection of all fuzzy singletons is studied. Some related results
related to this topic are also derived.
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1 Introduction

In order to solve complicated problems in Engineering, Medical Science, Social
Science, methods in classical mathematics are not always successfully because various
uncertainties are typical for these problems. Therefore there has been a great deal of
alternative research and applications in the literature concerning the special tool fuzzy set
theory. L.A.Zadeh[ 16] introduced the concept of fuzzy sets in 1965. Also fuzzy group was
introduced by Rosenfeld[13]. The partially ordered algebraic systems play an important role
in algebra. Some important concepts in partially ordered algebraic systems are lattice ordered
groups (L-groups) and lattice ordered rings. These concepts play a major role in many
branches of Algebra with wide ranging applications in many disciplines. This provides
sufficient motivation to researchers to review various concepts and results from the realm of
abstract algebra in the broader frame work of fuzzy setting. The notion of fuzzy singletons
was introduced in [11]. In this paper a new notion of £-groups on the collection of all fuzzy
singletons is introduced and studied.
2 Preliminaries
Definition 2.1 Let X be any nonempty set and let [ = [0,1]. Then the map p:X— 1 is called a
fuzzy subset of X.
Definition 2.2 Let » be a fuzzy set on a non empty set X and te[0]. Then the set

w = {xe X/ u(x)>t} is called the level set of ..
Definition 2.3Let ;, be a fuzzy set on a non empty set X. Then the set {x e X /u(x)>0} is
called the support of ,, and it is denoted by Supp (x).

Definition 2.4Let X be any non empty set. A fuzzy point p of X is a fuzzy subset of X which
has singleton support {x} and fuzzy value p(x) € (0,1].

Definition 2.5 Let X be any non empty set. A fuzzy singleton p of X is a fuzzy subset of X
which has singleton support {x} and fuzzy value p(x) € (0,1].
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Definition 2.6A non-empty set G is called a lattice ordered group (£ - group )iff
(i) (G,+) isagroup
(i) (G,<) is a lattice
(iii) x<y implies a+x+b<a+y+b forall ab,x,yeG.
Definition 2.7A non-empty set G is called a lattice ordered group (€ - group) iff
(i) (G,+) isagroup
(i) (G,v,n) is a lattice.
(iii) a+(xvy)=(a+x)v(a+y) and
a+(xry)=(a+x)a(a+y) forallab,xyeG.
Result 2.8 The above two definitions of £ - group are equivalent.
Definition 2.9A subset H of an £ - group G is called an ¢ - subgroup if H is a subgroup and
a sublattice in G.
Definition 2.10[13]Let G be an £-group. A fuzzy set,, of G is said to be a fuzzy / -group
of Gif
(i) pdx+y)=u(x) A uly)
(i) pl=x)=lx)
(i) plxny)= pu(x) A pdy)
(iv)  axvy)=pu(x)Azly) forall x,yin G
Definition 2.11If p is a fuzzy £-group of G then p(0) > u(x) for all x € G.
Result 2.12 Intersection of any family of fuzzy £-groups of G is a fuzzy -group of G.
3 L-group on fuzzy singletons
Definition 3.1Let (G, +, A,V) be a £-group and u : G — [0,1] be a fuzzy sub set of G. Then

the collection of all fuzzy singletons of G forms a £-group G, with respect to the following
operations:

(flv fz)(X) = fl(X) \% fz(X)

(FiA F2)(X) = f1(x) A £2(X)

(frof2)(X) = Vyeysz [ Fa(y) A £2(z) ] for all x,y,z € G.

The system (G, +, v, A) is called the €-group generated by fuzzy singletons of G.
Proposition 3.1Let G be a £-group and G, be the £-group generated by the fuzzy singletons

of G. Then fee G, is the identity element if fiv fov.. . vV ... =f..
Proof
Assume thatfi(x;) v f2(X2) V... VE(X)V..... = fe(Xi).

Now (f1° fe)(X) = Vieysz [ fi(y) A fe(2) ]

= Vieynz [ fu(Y)]
=f1(X).
Similarly (f2° fe) (X)=f2(x), (f3° fe)(X)=f3(x) and so on.
Thus fe is an identity element of G,,.
Proposition 3.2Let G be a £-group and G, be the ¢-group generated by the fuzzy singletons
of G. Then Gy, is abelian.
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Proof
Let G, = { f1, f,f5....} where fi,f5,... are the fuzzy singletons on G.

Now (fi© f2)(X) = Vieysz [ fi(y) A £2(2)

= Vx:z+y [f2(z) A f1(y)]
=(f f1)(x)
Thus Gy, is abelian.
Proposition 3.3Let G be a £-group and G, be the £-group generated by the fuzzy singletons
of G. Then Gy, is distributive.
Proof
Let G, = { f1, f2,f5....} where fi,f5,... are the fuzzy singletons on G.

(fre (FR2AT3) )(X) = Vieysz [ fily) A (£22A5)(2)) ]
= Vieyez [(FiA (f2(2) ) A £3(2) )]
= Vieysz [( WA A (£2(2) ) A £3(2) )]
= Vieyez [((Fi(0)A (fa(y) Ma(2) ) A £3(2)]
= Vieyez [((F)AE2)N 1Y) A f3(2)]

= Vieysz [(FU)A f2(2)] A [ Vieyeal fi(y)) A £3(2)] ]
Thus (f1° (f27\f3) ) = (flofz) A (flo f3) .
Thus Gy, is distributive.
Definition 3.4Let G,H be twol-groups and G, , H,be the €-groups generated by the fuzzy
singletons of G, H respectively. The direct product of G, and H, is defined by the algebraic
system (G, X H;, °) in which the operation © on G, X Hyis given by
(91,h1) *(92,h2)=(91°92, ha,hz)for any (gu,hs) , (92,h2) € Gy X H,
Proposition 3.5Let G,H be two ¢-groups and G, , H,be the £-groups generated by the fuzzy
singletons of G, H respectively. Then the direct product (G, X Hy, ©) is a group.
Proof
Let(g1,h1) , (92:12) ,(9s,h3) € Gy X Hy,
Now (g1,h1) © ((92,h2) °(gs,h3)) = (91,h1) © ((92°03 , h2°hs))
=(91 °(92 °93) , h1 °(h2 °h3))
=(91 °92) °93 , (h1 °h2) °hs

=(91°02 , hy °h2) ° (g3,h3)

= ((92,h1) © (92,h2)) °(93,hs)
(91,h1) ° ((92:h2) ° (93,h3)) = ((92,h1) ° (92,h2)) © (93,hs) (Associative Property)
Consider the identity elements I, € Gy and I, eHy.
Now(gs,h1) © (Iy 1 1) = (91°ly , ha°ly)

= (91,hy) sincelyandl, are the identity elements of G, and H;.

=(ly 1) is the identity element of (G X Hy, ©).
Hence (G, X H;, °) is a group.
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Conclusion

In this paper, the definition and properties on I-group generated by fuzzy singletons
are given. In future, the concept of ideals and filters of this I-group can be developed. Using
these, various application oriented results can be developed.
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